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Abstract
This paper is concerned with fractional diﬀerential inclusions with three-point
fractional integral boundary conditions. We consider the fractional diﬀerential
inclusions under both convexity and nonconvexity conditions on the multivalued
term. Some new existence results are obtained by using standard ﬁxed point
theorems. Two examples are given to illustrate the main results.
MSC: 34A60; 26A33; 34B15
Keywords: fractional diﬀerential inclusions; boundary value problems; existence
results; multivalued maps
1 Introduction
Fractional diﬀerential equations have recently gainedmuch importance and attention due
to the fact that they have been proved to be valuable tools in themodeling ofmany physical
phenomena [–]. For some recent developments on the existence results of fractional
diﬀerential equations, we can refer, for instance, to [–] and the references therein.
Diﬀerential inclusions arise in the mathematical modeling of certain problems in eco-
nomics, optimal control, etc. and are widely studied by many authors, see [, ] and the
references therein. For some recent works on diﬀerential inclusions of fractional order, we
refer the reader to the references [, , –].
Motivated by the above papers, in this article, we study a new class of fractional bound-
ary value problems, i.e., the following fractional diﬀerential inclusions with three-point
fractional integral boundary conditions:
{
cDαx(t) ∈ F(t,x(t), cDβx(t)), t ∈ [, ],  < α ≤ ,  < β < ,
x() = , aIγ x(η) + bx() = c,  < η < ,
()
where cDp denotes the Caputo fractional derivative of order p, Iq the Riemann-Liouville
fractional integral of order q, F : [, ] × R→ R is a multifunction and a, b, c are real
constants with aη+γ = –b(γ + ).
We remark that when b = –, c =  and third variable of the function F in () vanishes,
problem () reduces to a three-point fractional integral boundary value problem (see []
with F = f a given continuous function).
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The rest of this paper is organized as follows. In Section  we present the notations,
deﬁnitions and give some preliminary results that we need in the sequel, Section  is dedi-
cated to the existence results of problem (), in the ﬁnal Section , two examples are given
to illustrate the main results.
2 Preliminaries
In this section, we introduce notations, deﬁnitions and preliminary facts that will be used
in the remainder of this paper.
Let (X,‖ · ‖) be a normed space. We use the notations: P(X) = {Y ⊆ X : Y = ∅}, Pcl(X) =
{Y ∈ P(X) : Y closed}, Pb(X) = {Y ∈ P(X) : Y bounded}, Pcp(X) = {Y ∈ P(X) : Y compact},
Pcp,c(X) = {Y ∈ P(X) : Y compact, convex} and so on.










A multivalued map F : X → P(X) is convex (closed) valued if F(x) is convex (closed)
for all x ∈ X. F is said to be completely continuous if F(B) is relatively compact for every
B ∈ Pb(X). F is called upper semicontinuous on X if, for every x ∈ X, the set F(x) is a
nonempty closed subset ofX, and for every open setO ofX containing F(x), there exists an
open neighborhoodU of x such that F(U)⊆O. Equivalently, F is upper semicontinuous if
the set {x ∈ X : F(x)⊆O} is open for any open setO of X. F is called lower semicontinuous
if the set {x ∈ X : F(x)∩O = ∅} is open for each open set O in X. If a multivalued map F is
completely continuous with nonempty compact values, then F is upper semicontinuous
if and only if F has a closed graph, i.e., if xn → x∗ and yn → y∗, then yn ∈ F(xn) implies
y∗ ∈ F(x∗) [].
A multivalued map F : [, ] → Pcl(X) is said to be measurable if, for every x ∈ X, the
function t → d(x,F(t)) = inf{d(x, y) : y ∈ F(t)} is a measurable function.
Deﬁnition . A multivalued map F : X → Pcl(X) is called




)≤ γd(x, y) for each x, y ∈ X.
() a contraction if it is γ -Lipschitz with γ < .
Deﬁnition . A multivalued map F : [, ]×R×R→ P(R) is said to be Carathéodory
if:
() t → F(t,x, y) is measurable for each x, y ∈R;
() x→ F(t,x, y) is upper semicontinuous for a.e. t ∈ [, ].
Further, a Carathéodory function F is said to be L-Carathéodory if
() for each k > , there exists ϕk ∈ Lk([, ],R+) such that
∥∥F(t,x, y)∥∥ = sup{|v| : v ∈ F(t,x, y)}≤ ϕk(t)
for all |x| ≤ k, |y| ≤ k and a.e. t ∈ [, ].
The following lemmas will be used in the sequel.
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Lemma . (see []) Let X be a Banach space. Let G : [, ] × X → Pcp,c(X) be an L-
Carathéodory multivalued map and P be a linear continuous map from L([, ],X) to
C([, ],X), then the operator
P ◦ SG : C
(
[, ],X
)→ Pcp,c(C([, ],X)), y → (P ◦ SG)(y) = P(SG,y)
is a closed graph operator in C([, ],X)×C([, ],X).
Here the set of selections
SF ,x =
{
v ∈ L([, ],R) : v(t) ∈ F(t,x(t)) for a.e. t ∈ [, ]}.
Deﬁnition . ([]) The Riemann-Liouville fractional integral of order q for a function
f is deﬁned as





(t – s)–q ds, q > ,
provided the integral exists.
Deﬁnition . ([]) For at least n-times diﬀerentiable function f , the Caputo derivative
of order q is deﬁned as




(t – s)n–q–f (n)(s)ds, n –  < q < n,n = [q] + ,
where [q] denotes the integer part of the real number q.
Lemma . ([]) Let α > , then the diﬀerential equation
cDαh(t) = 
has solutions h(t) = c + ct + ct + · · · + cn–tn– and
IαcDαh(t) = h(t) + c + ct + ct + · · · + cn–tn–,
here ci ∈R, i = , , , . . . ,n – , n = [α] + .
Lemma . For any y ∈ C([, ],R), the unique solution of the three-point boundary value
problem
{
cDαx(t) = y(t), t ∈ [, ],  < α ≤ ,
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Proof For  < α ≤  and some constants c, c ∈ R, the general solution of the equation
cDαx(t) = y(t) can be written as
x(t) = Iαy(t) + c + ct. ()
From x() = , it follows that c = . Using the integral boundary conditions of (), we
obtain
( aη+γ
(γ + ) + b
)



















Substituting the values of c, c, we obtain the result. This completes the proof. 
Let us deﬁne what we mean by a solution of problem ().
Deﬁnition . A function x ∈ AC([, ],R) is a solution of problem () if it satisﬁes the
boundary conditions in () and there exists a function f ∈ L([, ],R) such that f (t) ∈






















Let C([, ],R) be the space of all continuous functions deﬁned on [, ]. Deﬁne
the space X = {x : x and cDβx ∈ C([, ],R),  < β < } endowed with the norm ‖x‖ =
maxt∈[,] |x(t)| +maxt∈[,] |cDβx(t)|. Obviously, (X ,‖ · ‖) is a Banach space.
Theorem . (Nonlinear alternative of Leray-Schauder type) Let X be a Banach space, C
be a closed convex subset of X , U be an open subset of C with  ∈U . Suppose that F :U →
Pcp,c(C) is an upper semicontinuous compact map. Then either () F has a ﬁxed point in U ,
or () there are x ∈ ∂U and λ ∈ (, ) such that x ∈ λF(x).
Theorem . (Covitz and Nadler) Let (X,d) be a complete metric space. If F : X → Pcl(X)
is a contraction, then F has a ﬁxed point.
3 Existence results
In this section, three existence results of problem () are presented. The ﬁrst one concerns
the convex valued case, and the others are related to the nonconvex valued case.
Now let us begin with the convex valued case.
Theorem . Suppose that the following (H), (H) and (H) are satisﬁed.
(H) F : [, ]×R×R→ Pcp,c(R) is a Carathéodory multivalued map.
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(H) There existm ∈ L∞([, ],R+) and ϕ : [,∞)→ (,∞) continuous, nondecreasing
such that
∥∥F(t,x, y)∥∥ = sup{|v| : v ∈ F(t,x, y)}≤m(t)(ϕ(|x|) + ϕ(|y|))
for x, y ∈R, t ∈ [, ].
(H) There exists a constantM >  such that
M














(α + ) +

(α – β + ) +








Then boundary value problem () has at least one solution on [, ].
Proof Consider the multivalued operator N :X → P(X ) deﬁned as


























Clearly, by Lemma ., we know that the ﬁxed points of N are solutions of problem ().
From (H) and (H), we have, for each x ∈ X , that the set SF ,x is nonempty []. Next we
will show that N satisﬁes the assumptions of the nonlinear alternative of Leray-Schauder
type. The proof is given in the following ﬁve steps.
Step : N(x) is convex valued. Since F is convex valued, we know that SF ,x is convex and
therefore it is obvious that for each x ∈X , N(x) is convex.
Step : N maps bounded sets into bounded sets in X . Let
Br =
{
x ∈X : ‖x‖ ≤ r}
be a bounded subset of X . We need to prove that there exists a constant k >  such that
for each x ∈ Br , one has ‖h‖ ≤ k for each h ∈ N(x). Let x ∈ Br and h ∈ N(x), then there
exists v ∈ SF ,x such that
h(t) = (Sv)(t) for t ∈ [, ].
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By simple calculations, we have






































(α – β + ) +
|c|





















(α + ) +

(α – β + ) +









‖h‖ ≤O + ‖m‖(ϕ(r) +ψ(r))Q = k.
Step : N maps bounded sets into equicontinuous sets in X . Let Br be as in Step  and
 ≤ t < t ≤ . Then, for each x ∈ Br and h ∈ N(x), there exists v ∈ SF ,x such that h(t) =































Fu Advances in Diﬀerence Equations 2013, 2013:304 Page 7 of 13
http://www.advancesindifferenceequations.com/content/2013/1/304
≤ ‖m‖(ϕ(r) +ψ(r))(t – t)
α
(α + ) +
‖m‖(ϕ(r) +ψ(r))|tα – (t – t)α – tα |
(α + )










∣∣∣∣Iα–βv(t) – Iα–βv(t) + ct
–β










(α – β + ) +
|c|(t–β – t–β )
( – β)| aη+γ
(γ+) + b|
+









∥∥h(t) – h(t)∥∥→  as t → t
independently of x ∈ Br and h ∈N(x).
Step :N has a closed graph. Let xn → x∗, hn ∈N(xn) and hn → h∗, we need to show that
h∗ ∈ N(x∗). Since hn ∈ N(xn), there exists vn ∈ SF ,xn such that hn(t) = (Svn)(t) for t ∈ [, ].
We must prove that there exists v∗ ∈ SF ,x∗ such that h∗(t) = (Sv∗)(t) for t ∈ [, ].


























Clearly, we have Sv = Pv +w and
P(vn)(t) = hn(t) –w(t)→ h∗(t) –w(t) in X .
By the deﬁnition of P, we have
hn –w ∈ P ◦ SF (xn).
It follows from Lemma . that P ◦ SF is a closed graph operator. Since xn → x∗, we have
h∗(t) –w(t) = P(v∗)(t)
for some v∗ ∈ SF ,x∗ . This implies that h∗ ∈N(x∗).
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Step : A priori bounds for solutions. Let x ∈ λN(x) for some λ ∈ (, ). Then there exists
v ∈ SF ,x such that x(t) = λ(Sv)(t) for t ∈ [, ]. By a similar discussion as in Step , we have
∣∣x(t)∣∣ + ∣∣cDβx(t)∣∣≤O + ‖m‖(ϕ(‖x‖) +ψ(‖x‖))Q for t ∈ [, ].
Thus
‖x‖ ≤O + ‖m‖(ϕ(‖x‖) +ψ(‖x‖))Q for t ∈ [, ].
By the assumption of (H), there existsM such that ‖x‖ =M. Let us set
U =
{
x ∈X : ‖x‖ <M}.
As a consequence of Steps -, together with the Arzela-Ascoli theorem, we can obtain
that N :U → Pcp,c(X ) is an upper semicontinuous and completely continuous map. From
the choice of U , there is no x ∈ ∂U such that x ∈ λN(x) for some λ ∈ (, ). Hence, by
Theorem ., we deduce that N has a ﬁxed point x ∈U which is a solution of problem ().
This is the end of the proof. 
Next we study the case when F is not necessarily convex valued.
Let A be a subset of [, ] × R. A is  ⊗ BR measurable if A belongs to the σ -algebra
generated by all sets of the form J × D, where J is Lebesgue measurable in [, ] and D
is a Borel set of R. A subset A of L([, ],R) is decomposable if for all u, v ∈ A and J ⊆
[, ] Lebesgue measurable, then uχJ + vχ[,]–J ∈ A, where χ stands for the characteristic
function.
Theorem . Let (H) and (H) hold and assume:
(H) F : [, ]×R×R→ Pcp(R) is such that: () (t,x, y)→ F(t,x, y) is  ⊗BR ⊗BR
measurable; () the map (x, y)→ F(t,x, y) is lower semicontinuous for a.e. t ∈ [, ].
Then problem () has at least one solution on [, ].
Proof From (H), (H) and Lemma . of [], the map
F :X → P(L([, ],R)), x→F (x) = SF ,x ()
is lower semicontinuous and has nonempty closed and decomposable values. Then, from
a selection theorem due to Bressan and Colombo [], there exists a continuous function
f : X → L([, ],R) such that for all x ∈ X , f (x)(t) ∈ F(t,x(t), cDβx(t)) a.e. t ∈ [, ]. Now
consider the problem
cDαx(t) = f (x)(t), t ∈ [, ] ()
with the boundary conditions in (). Note that if x ∈ X is a solution of problem (), then
x is a solution to problem ().
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It can easily be shown that N¯ is continuous and completely continuous and satisﬁes all
conditions of the Leray-Schauder nonlinear alternative for single-valued maps []. By a
discussion similar to the one in Theorem ., Theorem . follows. 
Theorem . We assume that:
(H) F : [, ]×R×R→ Pcp(R) is such that: () the map t → F(t,x, y) is measurable for
all x, y ∈R; () there exists m ∈ L∞([, ],R+) such that for a.e. t ∈ [, ] and all




)≤m(t)(|x – x| + |y – y|),
and
‖m‖
(α + ) +
‖m‖




(α+γ+) )( + ( – β))
( – β)| aη+γ
(γ+) + b|
< , ()
then problem () has at least one solution on [, ].
Proof From (H), for each x ∈X , themultivaluedmap t → F(t,x(t), cDβx(t)) ismeasurable
and closed valued. Hence it has measurable selection (Theorem .. []) and the set SF ,x
is nonempty. Let N be deﬁned in (). We will show that N satisﬁes the requirements of
Theorem ..
Step : For each x ∈ X , N(x) ∈ Pcl(X ). Let hn ∈ N(x) be such that hn → h in X . Then
h ∈X and there exists vn ∈ SF ,x such that
hn(t) = (Svn)(t), t ∈ [, ].
By (H), the sequence vn is integrable bounded. Since F has compact values, we may pass
to a subsequence if necessary to get that vn converges to v in L([, ],R). Thus v ∈ SF ,x and
for each t ∈ [, ],
hn(t)→ h(t) = (Sv)(t).
This implies that h ∈N(x) and N(x) is closed.




)≤ λ‖x – y‖ for all x, y ∈X .
Let x, y ∈X and h ∈N(y), then there exists v ∈ SF ,y such that
h(t) = (Sv)(t), t ∈ [, ].










))≤m(t)(∣∣x(t) – y(t)∣∣ + ∣∣cDβx(t) – cDβy(t)∣∣).
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Hence, for a.e. t ∈ [, ], there exists u ∈ F(t,x(t), cDβx(t)) such that
∣∣v(t) – u∣∣≤m(t)(∣∣x(t) – y(t)∣∣ + ∣∣cDβx(t) – cDβy(t)∣∣). ()
Consider the multivalued map V : [, ]→ P(R) given by
V (t) =
{
u ∈R : ∣∣v(t) – u∣∣≤m(t)(∣∣x(t) – y(t)∣∣ + ∣∣cDβx(t) – cDβy(t)∣∣)}.
Since v(t), α(t) =m(t)(|x(t) – y(t)| + |cDβx(t) – cDβy(t)|) are measurable, Theorem III.
in [] implies that V is measurable. It follows from (H) that the map t → F(t,x(t))
is measurable. Hence, by () and Proposition .. in [], the multivalued map t →
V (t) ∩ F(t,x(t), cDβx(t)) with nonempty closed values is measurable. Therefore, we can
ﬁnd v(t) ∈ F(t,x(t), cDβx(t)) and∣∣v(t) – v(t)∣∣≤m(t)(∣∣x(t) – y(t)∣∣ + ∣∣cDβx(t) – cDβy(t)∣∣) for a.e. t ∈ [, ].



















(α + ) +
‖m‖|b|
(α + )| aη+γ
(γ+) + b|
+ ‖m‖|a|















(α) |v(s) – v(s)|ds)
( – β)| aη+γ
(γ+) + b|
+
(|a| ∫ η (η–s)α+γ–(α+γ ) |v(s) – v(s)|ds)

















(α + ) +
‖m‖
(α – β + ) +
‖m‖|b|
(α+) ( + ( – β))




(α+γ+) ( + ( – β))








(α + ) +
‖m‖




(α+γ+) )( + ( – β))
( – β)| aη+γ
(γ+) + b|
.




)≤ λ‖x – y‖.
Therefore from condition (), Theorem . implies that N has a ﬁxed point which is a
solution of problem (). This completes the proof. 
4 Examples
In this section, we give two examples to illustrate the results.
Example  Consider the following three-point fractional integral boundary value prob-
lem: {
cD  x(t) ∈ F(t,x(t), cD  x(t)), t ∈ [, ],




where α =  , β =

 , γ =

 , η =

 , a = , b =

 , c = – and F : [, ] × R× R→ P(R) is a
multivalued map given by
F(t,x, y) =
{
v ∈R : e–|x| – |y| + y + sin t + t




In the context of this problem, we have
∥∥F(t,x, y)∥∥ = sup{|v| : v ∈ F(t,x, y)}≤  + t ≤  for t ∈ [, ],x, y ∈R.
It is clear that F is convex compact valued and is of Carathéodory type. Let m(t) ≡  and
ϕ(|x|)≡ , ψ(|y|)≡ , we get that for t ∈ [, ], x, y ∈R,
∥∥F(t,x, y)∥∥ = sup{|v| : v ∈ F(t,x, y)}≤m(t)(ϕ(|x|) + ϕ(|y|)).
As for condition (), since O + ‖m‖(ϕ(|x|) + ψ(|y|))Q = O + Q (see O, Q in (H)) is a
constant, we can chooseM large enough so that
M
O + ‖m‖(ϕ(|M|) +ψ(|M|))Q > .
Thus, by the conclusion of Theorem ., boundary value problem () has at least one
solution on [, ].
Example  Consider the following three-point fractional integral boundary value prob-
lem: {
cD  x(t) ∈ F(t,x(t), cD  x(t)), t ∈ [, ],
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where α =  , β =

 , γ =

 , η =

 , a = , b =














, |y|( + |y|) + l(t)
]
,
and l, l ∈ L([, ],R+).
From the data given above, we have
sup





(|x – x| + |y – y|).































≈ . < .
Hence it follows from Theorem . that problem () has at least one solution on [, ].
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